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Abstract — Let &y and &; be two simple graphs. Let (&g, J))
and (&g, 3) be two vertex measure spaces. In this paper we
introduce a ¢ algebra J; ® J,, which consists of all vertex
induced sub graphs of &; * G, and it contains every vertex
measurable rectangle graph of the form H, = H,, Hi € 3,
and H, € 3,. Here, we prove 3; % T, is the smallest ¢
algebra of &; = G; such that the maps L; : &, % &6; — G, and
Le:Gy X G, =G, defined by Lo (HxK)=H and
Ls, (H x K} = K for all vertex measurable graphs H in G; and
K in G, respectively are measurable.

Keywords — vertex measurable graph, vertex measurable
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I. INTRODUCTION

The authors [3] introduced the concept of vertex measurable
graph and proved some results related to this concept. The
authors [4] introduced a new operation “ ¥ ” as in definition 2.4
and vertex measurable rectangle graph. The concept of
Cartesian product of two measurable spaces was introduced in
the field of measure theory. In [2] it has been proved that J; x
3, is the smallest o — algebra of subsets of X x ¥ such that
the maps F:X x¥ — Xand F:Xx¥ — V¥ defined by
B (x.y) = xand B,(x,y) = y respectively are measurable. In
this paper we develop the graph analog of these concepts.

Il. PRELIMINARIES

Definition 2.1

A graph G with p vertices and q edges is called a (p, q) graph,
where p and q are respectively known as the order and size of

the graph G.

A (p, q) graph with p = q = 0 is called an empty graph and is
denoted by &.

Definition 2.2

Let & = (¥;.E;) be agraph and H = (V. E; ) be a sub graph
of G. The vertex complement of H in G is denoted by Hy._and
it is defined as the sub graph obtained from G by deleting all
the vertices of H. Hereafter, we shall use H °instead of Hy_.
From the examples below it is evident that H I H* is not equal
to &. So there is a hidden sub graph of & related to H to
overcome this difficulty, a new union was defined in [3].

Definition 2.3

Let & = (V;.E;) beagraphand for 5; = V; and 5; = V;. Let
H, ={5,)and H, = (5.} be two vertex induced sub graphs of
. The vertex induced union of H;and H;is defined as the
vertex induced sub graph {5, U 55} and is denoted by H, lJ 5.
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Definition 2.4
If H, =(5,) and H, ={5,) are two sub graphs of G then
H, ¥ H,=1(5,-5,).

Definition 2.5

Let & be a simple graph and let 3 be a collection of vertex
induced sub graphs of G together with empty graph € is a field
if and only if

i G¢e3J
(i) HF eJforeach HeJ
(iii) Hy.Hypoooe Jthenw H; e Jand NH; € J

Gz

H: Wi /\

H*:

X

CH )=

Definition 2.6

Let G, = (V;, Eg, ) and 6, = (¥, E; ) be two simple graphs.
The Cartesian product of &; and &; denoted as &y = G; is a
graph with vertex set V; =V and two vertices u = (uy.wy),
v = (uzv,) are said to be adjacent if u, =wu; and v, is
adjacent to v, in {; or ¥y = vy and u; is adjacent to u, in & .

That is, Gy % Gy = (Vg % Vo, Eg g ) where
Egwg = [ wr fuy = u, and vyv, € Eg or v, =v; and
U Uy E Eﬁi}
Example 2.7
Uq Uo
Gy
Uy Us
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Vi o V2

V2 @ o V3

(ug, v3) (U, va)
(uz, v3) (U2, V4)
(us, v3) (U3, va)
(Ug, v3) (Ug, va)

Definition 2.8

Let & be a simple graph. Let ¥ be a o — algebra of vertex
induced sub graphs of G, then (.3 is called a vertex measure
space.

I11. VERTEX MEASURABLE RECTANGLE GRAPH

Definition 3.1

Let G, and G, be any two simple graphs. Let (&,.J,) and
(G,.3,) be two vertex measurable spaces. Any graph of the
form H, ®x H,, where H, €, and H, € 3, is called a vertex
measurable rectangle graph.

Definition 3.2

Let &; and &, be any two simple graphs. Let N be any vertex
induced sub graph of &; = &;. For each vertex u in &y, define
NE =(VE), where % = {vi/v; e V(G,) and
(u, v;) € VINIL (V) is the vertex induced sub graph from
the vertex set Vg, . Clearly NZ is a sub graph of ;. Simply it is
denoted as N“.

Similarly for each vertex v in G, define Vg = (VZ ), where
E = {ui/u; € VG, and (ugv) € VINIY. (VE }is the vertex
induced sub graph from the vertex set VZ,. Clearly NZ, is a sub
graph of &, .

Lemma 3.3
Let (5,.3,} and (G..J.) be two vertex measure spaces. If
N = H = K is a vertex measurable rectangle graph in J; x 33,
. (KifueV(H)
then N© = Iq: ifug V(H)
Proof;
Let u € V(H)
Then N* = {V*} where
Ve = {1/ v; € V(G,) and (u.v;) € VN
= fv/v; e VIG, ) and (w.v) e VIH x K1}
= fv;/v; e VG, ) and u € V(H) and
(wr;) e VIHx K1}
= {I?[J'rli'l' [ VU{:]}
= V(K)
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N*=(VIK))=K

Hence N* = K ifu € V{H).
If uis notin V(H), then
N® = (V™) where
V¥ = [/ v; € VIG Jsuchthat (u,v;) € VIND
= [v;/v; e VIG) and u g VIH)
and (u, v} € VINIY
=l /u e V(iH)and (u.v) e VIH x KD}
=&
Therefore, N* = &, ifu & V(H).
L (KifueV(H)
Hence, N© = Iq: ifug V(H)
Similarly we can prove, for v € V (K},
I IH ifv e V(K)
‘ b ifve V(K)

Lemma 3.4

If H; = K; and H; = K, are two vertex measurable rectangle
graphs in 3 ® 34, then

(HixEan(H, x K,)=(H,nH)x (K, NK;)

Proof:
For the proof, we claim that
V((H, % E)yn (Hyx K,))=V({(H, N Hy) % (K, N K;)) and
E((Hyx E)n(Hyx K,)) = E((H, N Hy) % (K, NKY).
Now, V ((H, % K,) n ((H, % K,))
= (W(H, x K,) nv((H, x K,))
= WHIxVENINVHD xVED
= V{H I NV(H)) x (V) nV(E))
= V(H,NH,) xV(K, NK;)
therefore,
VH, x K)n((Hy x k) = V(H, 0 Hy) % V(E, 0 K;)
Lete =ur € E((H, x K,) n ((H, % K,)) where u = (u,v,)
and v = {uz,vy)

S (g1 Wi, 1) E{HIXHI:] ] E{H: * f{'::]

& (uy v, uy,v,) e E(H, x K,) and
Cary 00y Watp, 125} € E(H, % Ky)

By the definition of Cartesian product,

[uy = uy and vyv; € E(Ky) or vy = v; and uyu; € E(H,)]
and

[uy = uzand vy v; € E(K;) or vy = vy and uyu; € E(H;]]

that implies and implied by

[uy = u, and vyv, € E(K,) and u, = u, and v, v, € E(K;)]

or

[uy =u; and vyv; € E(K;}and vy = vy and uyu; € E(H;]]
or

[vy = v; and uyu; € E(H,)and uy = up and vy vy € E(K;]]
or

[vy = vy and u,u; € E(H ) and v, = v; and u,u; € E(H S]]
that implies and implied by

[uy = uy and vyv; € E(K,) N E(K;)]
or
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[v, = v, and u,u, € E(H,) N E(H,)]
that implies and implied by

[u; =u; and vy v; € E(K; N K;3))
or
[vy = v and uyu; € E(H, N Hy)
Hence,
E((H,xE)yn(H,=xK,)) = E((H, N H,;) % (K, N K,

Theorem 3.5
Let (G,.3,) and (G;.J,) be two vertex measure spaces. Let
Lg,:6, %Gy =G, and Lg :G, x G, — G, be defined by
Le,(HxK)=H and L;(HxK}=K for all vertex
measurable graphs H in &; and K in ;. Then
() The maps L, and L are measurable.
[forall HEY; and K€, , Ly, “(H) T, % 3, and
Le, M(K) €3, x T34
(if) The o —algebra 3, x J; is the smallest ¢ — algebra of
ry x (7, such that (i) holds.

Proof:

Let G, and G, be two simple graphs. Let (G,.3,) and (G;. J,)
be two vertex measure spaces. Let H €33, and K € ;. By
lemma 3.3, for any vert(:erx measurable graph H = K in ¥, = 33,
(Hx K = I‘:; ‘E;,{;]j for all u € V(H). This follows
that L, ~*(H) € I, x I, and

L, M(K) € Fy % Fy.

Let Q be any o — algebra of vertex induced sub graphs of
Gy % Gy such that L, and L, are vertex measurable. We have
to show that d E3F; ®xJ,;. Let H €33, and K € J;. By the
definiton  of  L;, Lg;(HxGJ)=H which is
Hx G, =Lg “(H). Since, HxG e, L '(H)en
Similarly L, " (K) e 0. By lemma 3.4
HxK=HnGIx(KENG)l=(HxG)IN(G, xK). It
follows that J; ® J; € (L Hence J; ® J; is the smallest ¢ —
algebra of vertex measurable graphs of &; = & .
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