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Abstract:  The energy of a graph was introduced by 1.Gutman
[4] and its bound were obtained by .Balakrishnan
[9].Subsequently the Minimum Dominating Energy was
introduced by [8] R.Rajeshkanna.Then Mean Energy (M -
energy) was introduced by LauraBuggy, Amaliailiuc,
KatelynMccall, and Duyguyen [7]. In this paper, we studied
the Mean Domination Energy for some standard graphs and
obtained its bounds.
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l. INTRODUCTION

The concept of energy of a graph was introduced by I.Gutman
[4] in the year 1978,throughout this paper G will denote a

simple undirected graph with 1t vertices. For details, refer the

book [1] A subset S of the vertex set V (G) is called
Dominating set, if every vertex not in S (every vertex in (V-S))
is adjacent to at least one member of S. The minimal
cardinality of such set S is called as Minimum dominating set

of G. Let D be the minimum dominating set for a graph
G = (V, E} , then the minimum dominating matrix of G is a

X 1 matrix

1 if <v,v;>€E
if i=jv, €D
#0(G) = 0 otherwise

Then Eigen values of Ap(G) are positive real and

symmetric.

Minimum Dominating Energy (MDE):

The minimum dominating energy [8] of graph is given by the
sum of absolute values of Eigen values of the minimum
dominating matrix.

Minimum Mean Dominating Energy (MMDE): The mean
dominating energy of & is defined as Eb“((?):

2y | i; — f], where [ is the average of the Eigen values

Ly, fa,..., i, of the minimum dominating matrix.

Complete Graph: A graph K, is complete if every pair of
vertices are connected by an edge.

Star Graph: A star graph K 1 ,; of order n is a tree on n nodes
with one node is having vertex degree (n-1) and all the other
(n-1) nodes having vertex degree 1.
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Cocktail graph: A cocktail graph [1] Sy is the graph on k =
2p vertices u;, L =1,2,3,..k with u; is non-adjacent t0 Uj.p,
for each i=1,2,..,p. All of the other pairs of vertices are
adjacent. Note that this is a ( k —2) regular graph.

Crown graph: The crown graph 53 =(V, E)for integer
. > 2,is the graph generated from complete bipartite graph by

removing perfect matching.
For the fundamental concepts, definitions and earlier results,
refer [1, 2, 3, 5, 6].

1. THE MINIMUM MEAN DOMINATING ENERGY OF

SOME STANDARD GRAPHS

Theoreml: For Complete Graph kﬂ the Minimum Mean
Dominating Energy is

(n-2)(n+1)
—— +Vn?—-2n4+5.(n>2)
Proof: K, is Complete graph on n-vertices, the vertex set is
givenby V = {vy, v5,..., v, }.

The minimum dominating set is a singleton set, let us assume
that D = {17, }.Then the minimum dominating matrix

1 1 1 1 1
1 0 1 1 1
akn= [ 1 4 g 1 1
1 1 1 1 0

n=mn
The characteristic polynomial is

| Ap(Kp) - (LI ] =0 and computed as:

(u+ D" 2uP-m-1 p-n=o.

The Eigen values are: one is of multiplicity (n-2) and other two

are simple roots; they are
(n—1)+vVnZ—2n+5
Ho=-1 & p= 5 :

1
And hence the Mean fi =—.
n

Minimum Dominating Energy is

(n—1)+vnZ—-2n+s

Ep(ky) =111 (-2)+| . |

=M-2)+vVn*—2n+5.
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Minimum Mean Dominating Energy is computed as
M n—2 1
Epky) = 2ij=1 | —1-—

="
mn
(n—-1)+VnZ-2n+5 1

2 n
(n-2)(n+1) nn-1)+nvVnZ—2n+5-2
- n * 2n
(n—2)(n+1) m?—n-2)+nvnZ-2n+5
- n * 2n |
(n—-2)(n+1)

+Vynf—2n+ 5w
Theorem 2: For Star Graph kljﬂ_l the Minimum Mean

Dominating Energy is

(n—-2)

M

+Vdn—3 . (n>2)

Proof: kl,n—l is Star Graph which is a bipartite graph with

vertex set V' = {17;,1,,.., ¥, }.Let us take v; be the vertex in
the one set and remaining (n-1) vertices are in the other set.
Hence, the minimum dominating set is D = {17, }.

Then the minimum dominating matrix

1 1 1 1 1
1 0 0 0 0
A (k)= 1 !'.] 0 0 0
1 00 0 0/,

Then the characteristic polynomial is given by
: -2,..2
&y (k, ) —HI[=0is W75 (U= p = (n-1)) =0.

Then Eigen values are i =0 is of multiplicity (n-2) and the

1+4/dn—3
other two are simple roots [ = T . and hence
_ 1
Mean = .
H n
Minimum Dominating Energy is computed as
1+4/dn—3

Ep(kyipn_1)=ZI57 10| m-2)+|
van— 3.

Minimum Mean Dominating Energy is computed as:

—
M n—2 1 li\l 4n—3
Ep (kl,ﬂ—l) =dij=1 |0 — -

1
mbd
2

n
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(n—-2) (n-2)tny4n-3
= +] |

n 2n
n—>2 -
—( j'I+~.,“4'rr,—3 [ ]

n

Theorem 3: For Cocktail Party Graph Sy the Minimum Mean
Dominating Energy is

ant-an-7
Y~ + V4n*—4n+9.
2n

Proof: Let S¢ be the Cocktail party graph with vertex set
V= Uiz {u v,
The minimum dominating setis D' = { 14, %}

Then the minimum dominating matrix Ap(Sy)

=
o e O
(=T =N T
(=T =N T
I—‘:I—‘H-H
o
Ll I
e i

= e
= e
[ e S
[ e S
H-Iﬂ':l-':l
[ =
[ = T
=T =W

Then the characteristic polynomial is given by
| Ao(S) — £1]=0

P (= D(p+2)"7 (- 2n-3) p-2m) =0

The Eigen values are f =0 is a root of multiplicity (n-

1), g=1
multiplicity

root of
simple

H =-2,is a
two

(is a simple root),
(n-2) and
——
(2n—-3)+V4an*—4n+9

2

1
Mean = —
n

roots [

and hence

Minimum Dominating Energy is computed as:

Ep(Kpy2) =0/ (n-1)+1+[-2[(1-2) +]
2n—3+VanZ—4n+9
> |
=(2n-3)+ V4n® —4n+9

Minimum Mean Dominating Energy is computed as:

1 1 1
EXfk Sy L0 — i -2 —=
D (Kpx2) i=1 | n' \ n' 21_1 -

—
2n—3+v4nc—4n+9 1

|+

2
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(n-1) (n-1) ((m-2)(2n+1)
= + +
n n n
—
| (zn?—-3n-2)tnVanZ?-an+9
|

2n

+

2ﬂ2—ﬂ—4

= +V4n’ —4n+9m
mn

Theorem 4: For Crown Graph 55 (72>2) the Minimum
Mean Dominating Energy is

2n-2)+Vn2 —2n+5 +VnZ+2n—3

Proof : Let § f: be the Crown Graph with vertex

set V= { Uq,Uqgsun, Uy, Vg, Vay s Uy )

nr

Then minimum dominating setis D = { 14, 773}

Then the minimum dominating matrix Ap( s: )

[ o o . .0 o0 1 1 . . 1]
Io 00 . .0 1 0 1 . . 1:
lo oo . .0 1 1 0 . . 1]
| |
|- "
| N
| N
—]0 0 0 0 1 1 1 0]
Io 1 1 1 1 0 0 o:
1 0 1 1 0 0 0 0]
:1 1 0 1 0 0 0 o}
| . .
| |
|- _

11 1 . . 0 O O O 0

The characteristic polynomial |AD(s:) —KkI|=0is
(=" 2 (p+ "2 @P-m-np - @E* + 0
“Hp-(2n - 3) =0

Then Eigen values are i = lof
multiplicity( #1-2), ft=-—1of multiplicity( 12-2), and simple
roots

(m—1)+VnZ—2n+5
H o= > )
(3-n)+VnZ+2n-3

2

1
Mean i = —
n

Minimum Dominating Energy is computed as

I_{.:
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Ep(S2) = 1jm-2) + 11| -2) +|

m-1)+VnZ-2n+5 (3-n)tVnZ+2n-3

[+ |
2 2

=2m -2)+Wn?—2n+5+
Vvnt +2n—3

Minimum Mean Dominating Energy is computed as

EN(SD-Z12 I(1 = Zi? | = 1+

(n— 1}+w’n2—2n+5 1

2 ’n

(3—n)+VnZ+2n-3 1

2 ’n

(n—-1)n-2) (n+1)(n—-2) |
= +

+
n n
(n?—n-2)+tnvnZ-2n+5
2Zn |
+]

(3n-n?-2)tnvnZ+2n-3

2n

(n—-1)(n-2) (n+1)(n—-2)
= + +
mn n

VnZ—2n+5 +Vn?f+2n—3

=2mn-2)+Vyn? —2n+5 +Vn? +2n—3
[ |

II. BOUNDS OF MINIMUM MEAN DOMINATING ENERGY

Result 1 [8]: Let G be a simple graph with vertex set
V={vv,,.,1,}, edgeset E and D = {v;,v7,,., ¥, }
be a minimum dominating set. If L4, K4,.., 1L, are the Eigen
values of minimum dominating matrix Ag (G) then

(1) i=1p; =D

() Zi=ypf =2|E |+|D|.
Result 2[8]: Let G be a simple graph with 7 vertices and m

edges. If ) is the minimum dominating set and
P =|det Ap(G)| then

\/(Zm +k)+n(n-1)P*" < E_(G) <

An2m + k)
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Theorem 5: Let G be a simple graph with 1t vertices and
edges. If D is the minimum dominating set then

—_—

[
-\II'U{ +2m) —2|alyn(Zm +k) < ENG)

<Jn((k+2m)+ ng?)
Proof:
By Cauchy Schwarz inequality

[2?21 la; b:‘DE = [E?:lﬂf] [Z?=1 biz)
Take a@;=1,b, =|u; — [ then,

[Ep (6] =(Zi=a 1) Ty e — a1

=) (T, g —al*)

=

n (E?:j_“i: +E?:1II2 )

mn (E?:j_p:z-:-i-ﬂ I-IE )

< n(@m+k)+ ni%)

Then E}(G) = Jn((k+2m)+ ng?)

Also [ES(G]P = (T, |p, —fal))?
22?:1 | ; — LIIE

> By P -2 1@ X |y |

> (k+2m) -2 x|
Jn(k+2m)
Then

[
ENG)> wll[k +2m) — 2 |g|+/n(k+ 2m)

Hence the theorem W
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