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Abstract- A sum labeling is a mapping & from the vertices of G
into the positive integers such that, for any two vertices u, v £
V (G) with labels A(u) and A(v), respectively, (uv) is an edge
iff A(u) + A(v) is the label of another vertex in V (G). Any
graph supporting such a labeling is called a sum graph. It is
necessary to add (as a disjoint union) a component to sum label
a graph. This disconnected component is a set of isolated
vertices known as isolates and the labeling scheme that
requires the fewest isolates is termed optimal. The number of
isolates required for a graph to support a sum labeling is
known as the sum number of the graph. In this paper, we will
obtain optimal sum labeling scheme for path union of split
graph of star, Ky @5zl (F) and Ky OS5l ).
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I. INTRODUCTION

All the graphs considered here are simple, finite and
undirected. For all terminologies and notations we follow
Harary [1] and graph labeling as in [2]. Sum labeling of graphs
was introduced by Harary [3] in 1990. Following definitions
are useful for the present study.

Definition 1.1 ~ Sum Labeling is a mapping 4 from the
vertices of G into the positive integers such that, for any two
vertices u, v € V (G) with labels A(u) and A(v), respectively,
(uv) is an edge iff A(u) + A(v) is the label of another vertex in

V (G). Any graph supporting such a labeling is called a Sum
Graph.

Definition 1.2 It is necessary to add (as a disjoint union) a
component to sum label a graph. This disconnected component
is a set of isolated vertices known as Isolates and the labeling
scheme that requires the fewest isolates is termed Optimal.

Definition 1.3 The number of isolates required for a graph G to
support a sum labeling is\ known as the Sum Number of the
graph. It is denoted as 7 (G,

Definition: 1.4 (Shiama [4]) For a graph G the split graph is
obtained by adding to each vertex v, a new vertex ©' such that
v’ is adjacent to every vertex that is adjacent to v in G. The
resultant graph is called the Split Graph denoted by Spl (G).

Definition 1.5 (Shee and Ho. et al [5]) Let Gy, G, ...... , Go,n=
2 be n copies of a fixed graph G. The graph obtained by adding

an edge between G; and G, for i =1, 2,..., n-1 is called path
union of G.

Il. SUM LABELING FOR SPLIT GRAPHS

In [6], Gerard et. al has proved that split graph of path, star are
sum graph with sum number 1 and bi — star is sum graph with
sum number 2.

Theorem: 2.1 Path union of split graph of star & is a sum
graph with sum number 1.

Proof: Consider a star K., with (n+1) vertices. Let G be the
split graph of star, Spl (K. ). Let G* be the path union of m
copies of G. Let vy, Vi1, Vo, ...... . Vi V2, Vo1, Voo, ...... Vo,
......... » Viny Vimt, Vim2s --...., Vmn D€ the vertices of m copies of
the star Kl,n- Let uy, Uy, U, ...... U1p, Up, Uoq, U, ...... ,Uop,
......... , Um, Uty Umo, ......, Umy D€ the vertices corresponding

obtain the split graph of m copies of star. G* has 3nm vertices
and 3nm + (m — 17 edges. Let x be the isolated vertex.

Define f: V (G*) > N
f':l-"::l =1
f':l.-‘::l =7

fd = flow_n)f(vin) for3si<m
f':l.-‘:«_:' = f':l"‘:"'_:l _fl::u.r"L—i.::l

forl=i=m

f'l" = f'::”s'._:'—:. ' T f':l;s':l for 2=j=n

|z1 _.l'l — |" 3. l'l AL |z 1_.‘|

;) f-\la.w, fxlf.f

() = #( ..‘.| [

4 flugd = flugd+ flog )
l f':xus':',:' = f':xus'.:'—:. ' _f':l:s':l for 2=j=n

f'::lf'_;'-:_:::' = flugp)+ fl) if i=m

() = flupnd + Flu,)

Thus, Path union of Split graph of star &, ;; is a sum graph with
sum number 1.

Iustration: Sum labeling for path union of split graph of star
Kynis given in figure 2.1
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Figure 2.1
K, o @5pl(R)

K; n@5pl(F,) is obtained by attaching a copy of Spl(P,) to
each pendent vertex of Ky .

Theorem: 2.2 K, @ 5pl(E,} is a sum graph with sum number
1.

1y = 10023
10024
12028
14033

1
Uy
Uy

Figure 2.2
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I:-:’-:I = f(u:ﬂ;r}:l L fl::l’:‘?';_?!—'__-::l
Hence, K. . @ 5pl(E,} is a sum graph with sum number 1.

llustration: Sum labeling for K. ., @5pl(F,} is given in figure
2.2

L ]
15042

V12=7

e up=14

U= 45

U3:5ﬁ Ug:24

Figure 2.3

Proof: Let c, vy, Vo,...... , v be the vertices of K, , where c is
the centre of the star. Let vy, Vo, ...... , Vins Ugg, Ugo,

...... Ui1p,
Vo1, Voo, ...... ,Von, Uo1, Uog, ...... U eeene. s Vimly Vm2, «vvne. 5 Vi
Umis Um2s «----- , Umy be the vertices of the m copies of the split

graph of path P,. The vertices vy, Va,...... , Vm1 are attached to
the wvertices vq, Vo,...... , Vm respectively. Let G =
K: m@5pl(E,). Therefore the vertex set of G, V(G) = {c, vi,
Vig, weveee » Vin, Uz, Ugg, «oeeee U, Vo1, Va2, ...... ,Von, U2z, Uz,

...... JUonyevevees Vimt, V2, «vvever Vinny Umty Um2s «venry Unn}. G has
Znm + 1 vertices and 3n(n — 1) +m edges. Let x be the

isolated vertex.

Definef: V (G) > N
fled=1 flo,) =2
forl=i=m

f\ Vif )=
Fluyd =
f Ii Uiq :I
f '::us'_i' ' -

T
Ky o O5plK )
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K, n@5pl(K, )} is obtained by attaching a copy of
Spl(¥, ) to each pendent vertex of Ky p.

Theorem: 2.3 K, ,@5pl(K,,} is a sum graph with sum
number 1.

Proof: Let c, vy, Vs,...... , v be the vertices of Ky, where c is

the centre of the star. Let ¢q, Vi1, Vi, ...... , Vin, Ug, Ugg, Upp,
...... Ugp, Coy Vo1, Vo2, «.v..i,Vop, Uy, Upg, Upp, oovn.Uppyeeennt, Cpyy
Vi, Vings «ve-en » Vs Ums Umiy Umzs <eve.n , Umn be the vertices of

the m copies of the split graph of star K;,. The vertices c;,
(T , Cm are attached to the vertices vy, vo,...... , vim OF Ky
respectively. Let G = K, , @5pl{K,; ;1. Therefore the vertex set

of G, V(G) = {C, C1, V11, V12, «..... » Vin, Ug, U1, Ugg, ... Uiy, Co,
Vo1, Voo, ... ,Von, Uy, Usg, Uoo, ... Uy eeene. 5 Cmy Vimly Vim2s «vvn e ,
Viny Ums Umty Um2y «even. , Um +. G has Znm + 1 vertices and

3n(n — 1) + m edges. Let X be the isolated vertex.

Define f: V (G) > N
el =1 (c,)= 2
(e = f'::c_;_:_,::' +1 for 2=i=m
floyd =flen) +1
forl=Zi<m

= fluigon) + fl) for2<j =n
flowm) + £(c;)
) f':u i1 )= f':u s':l L f': Viy )
f'::ui'i'::' = f'::ui'.i'—'_.'::' T ':‘75'] for 2= j=Zn

Flug) +fle)  if i2m

puc)
=
U

1

_f':r:l = f':u-“;?::l R f'i':-“;:l
Thus, K. @ 5pl{K, 7 is a sum graph with sum number 1.

Ilustration: Sum labeling for K, , @5pl{K, 11 is given in

figure 2.3
m=3;n=2
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