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In this paper, we will give coding theorems with respect to the R-Norm Information

Measure. Suppose we have discrete memory less information source with an encoding

alphabet with D Symbols and code words x; with word-lengths N;, i=1,2,....n, which fulfill the
Kraft inequality

(Z D™ ]sl (1.1)

Where D is the size of the code alphabet.
We next give a definition of average length Ly of cord words.

DEFINITION: The average length Lg with respect to R-norm information measure is for RE R*
given by

R n .
L = 1_ P D*fh K-1/R_
" R—l{ Zl: |

Clearly Lg will increase for increasing word lengths. An important property of Ly is that for
R->1 it is equivalent with the average length of code words by Shannon, up to a constant.

Theorem: For all integer D > 1
R : YR
Lp= R—{l—ZF’iD“' ‘“JR/} >0 for RER’
- i=1

Proof: To prove Lg>0, we consider the following cases:
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Casel: whenR>1,thenR-1>0and >0

R

From (1.1), we have (z D‘”i]gj[ —~D"< 1 :>D_"‘(ﬁ] < 1

Multiplying both sides of (1.3) by P;,, we get =P, D_ i[Rflj < P

Summingover i =1,23,..........,N both sides, we get

R

:”iPiD_n{“] < YR-1, :>ZP.D_N‘[RFilj <1
i=1 i=1

oo (5 oo (55
=->_ RD >-1, =1->PD fY>-1+41=0

R

:>1-iPiD (w5 >0 (1.4)

i=1

Multiplying (1.1) by%, we get

RRl{l ZPD “‘“’R}o (1.5)

i=1

R

But Lg= 1-Y pD M &LR
- " Rl{ >

i=1

Thus from (1.5), we get

Lg = RRl{l ZPD‘“‘“’R}O forR>1 (1.6)
i=1

Casell: when0<R<1 = R-1<0 and <0

From (1.1), we have
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n -N;

[Z D‘N‘]Sl, —-DM<1, =D [R‘lj >1 (1.7)
i=1

Multiplying both sides of (1.7) by P, , we get

= PiD_N{R‘l] > P

Summingover 1 =1,23,..........., n both sides, we get

U
L=
-0
O
z
N
P|»
elZ
\4
M-
0
Il
(BN

R

-5 P.D_N'(R‘lj <1

i
i=1

v ()
=1->PD Y <-1+1=0
i=1

R

n

:>1—ZP.D_N'[R‘J <0 (1.8)

i
i=1

Multiplying (1.8) by%, we get

l{l—ZPiD‘”"H:’R:} >0 (1.9)
R-1[ 3

R n -
But Lg= 1-Y' pD &R
" R—l{ 21: !
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Thus from (1.9) , we get

Lg= RRl[l ZPD‘““’R}O for0<R<1 (1.10)
- i=1

Thus from (1.6) and (1.10), we get

Lg= RRl{l ZPD “"“’R}o for RER'

Theorem: IfN; i=1,2,........ ,n are in length of code words x; then
i n
IF!T1 Lg = ; PiN; log(D)
Proof: The average length Lg with respect to R-norm information measure is for RER * given by

Lg= RRl{l ZPD ‘“‘“’R} (1.11)

Taking limit both sides as R->1, we get

lim, , L, =lim. RR 1{1 ZPD i RLIR }_%(form) (1.12)

=1

Thus by Bernoulli-L” Hospital theorem, we get

lim,_, L, =lim HHl—Z p, D‘”'(R‘l)’R:} —~ R[O—Z D, g—;ﬂ (1.13)
i=1 i=1

Where T= D MED/R (1.11)
Taking log both sides of (1.11), we get

1y

log T = %leg D (1.15)
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Diff w.r.t ‘R’ both sides of (1.15), we get

1d7 R1-1.(R-1)

L —N.tog(D) PHRY

d_T__ 1 __ 1 nRryir

=T, Iog(D)[RZ} D [N, log(D)]. (1.16)

Substitute (1.16) in (1.13), we get

—lim, L, =lim ., 1{1_2 P, D—N(R—l)/R:}_%{Z P, I)—N.(R—l)/R N, log(D) ﬂ
. i1 i1

—lim, L, =lim {1_2 P, D—Nu(R—l)/R:j| _Ri{z P, I)—Ni(R—l)/RNi log(D) ﬂ
L = i1

i=1

= limg_, Lq =Hl—i p; }—{Z P, [Ni log(D)]]}—i p.N;log(D)  (1.17)

Thus finally lim,_, Ly ==>_ p;N; log(D) (1.18)

i=1
Theorem: For all integer D > 1
Hq (P) < Lq

Under the condition (1.1). Equality holds if and only if
N; =—log(P" /3 R")
i=1

Proof: To prove this theorem, we consider following cases:
Casel: whenR>1

We use Holder inequality [12]

>xy, z[ixﬁ’ j(Zy] (1.19)
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forall X, >0,y, >0,i=1,2,...nwhen P <1(#) and p~* +q " =1.with equality if and only if there
exists a positive number ¢ such that

x"” =cy" Setting X =Pr1.DM
R 1
and Yy; =Pr1 ,P=1_E ,q= 1-R

(Seeioei @pm ] (Bt e

i1

(Zn: DNJ>(ZH:P| (DN)R]Rl[Zn:(P) ) _ (1.21)

i=1 I

>

Since (Z D™" jsl Thus (1.21) becomes

[ZP o | (Ser] <

(ZP (D-“i)F?]H (Ter) (122

Raising power 1/R both sides of (1.22), we get

(ZP <D‘Nf)5j <[> )RjR

1

R
R

:{iH®M>
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1

n R-1 n R
:1—{23 D™M)r j 21—(2(3 )R] (1.23)
i=1 i=1
We know >0ifR>1
Multiplying 51 by both side of (1.23) and we get
. 1
R s -ni (=) R n R |R
—|1- PD Rt |>——|1- P, 1.21
O e
1
R 1R \R
But ——|[1- P =H_.(P
S EE LA EENG
and R [1-[3Rp " ||-L
R-1 — i R
Thus from (1.21), we get L, > H,(P) forR>1 (1.25)
Casell: when0O<R<1
We use Holder inequality [12]
1 1
n n p/.n
D%V, s(fo j [Zyﬂjq (1.26)
i=1 i=1 i=1

Forallx, >0,y, >0,i=1,2,....N when P <1(#) and p " +q " =1.with equality if and only if there

exists a positive number c such that

R
x,” =cy,* Setting X, =Pr1.D™"
R 1
and y,=Pr1, P= 1_E ,9= 1—R Thus (1.27) becomes
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1/1- 1

(iHmD‘”iHij[i(RﬁD );J R(Z(H%”*J 7

i=1 i=1

5 00)<{3n 0 “fl@m T

i=1 i=1

Since (Z D‘”‘jsl Thus (1.27) becomes

[ZP o™ ]( G )RJ s

(ZP o™ RJR (Z(p) ] (1.28)

Raising power 1/R both sides of (1.28), we have
Rl 1
(ZP CR j z(z(e )RJR
n R-1 n %
2—(2& (") * ] s—[Z(Pi )R]

1

L n R
(ZP (DM R J sl—(Z(Pi )Rj (1.29)
i=1
We know <0if0<R<1
o R .
Multiplying Bl by both sides (1.29), we get
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1
R n _Ni(i) R n R E
—1- PD RT ||>2——|1- P 1.30
B gty (3 a0
1
R 1 R R
But ——|1- P =H_.(P
R-1 (; i j R( )
R N ()
and ——|1-| > PD "®T ||=L, (1.31)
R-1 =
Thus from (1.30),we get L, > H_ (P) 0<R <1 (1.32)
Thus from (1.25) and (1.32), we get
Ly > H.(P) forR€ER" (1.33)

Theorem: For every code with length R J=1,2,3, ....... , N,and L; made to satisfy
R-1 R-1
Le< HR(P)'D[ " ]+—RR 1{1—D( § j} for RER’

Proof: To prove this theorem we consider the following cases:
Casel: whenR>1

Let n, be the positive integer satisfying the inequality by (11)

g n{gh

Consider the interval

R R
P; Pi
o =|-1lo L |-log| = |+1
' [ g[z p,~ ] g[z p,~ ]+ ] of length 1 .In every J; ,there lies exactly one
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positive numbern,, such that

p-R piR
0<-I — <N, <-log| = [+1
) Og(z P ] =hs Og(z pi ]+ (1.31)

It can be shown that the sequence P{ ]: 123,..., N thus defined, satisfies (1.1).

Thus from (1.31), we get

g <—|09(£‘:F ]+1
o b

pR
D—ni > |:Z ip.R ]D—l

Raising above inequality by

both sides, we get

R-1

5% (Z?pr ] o7 (1.35)

Multiplying both sides of (1.35) by p, , we get
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R-1
R-1

:>PiD_ni[R]>(Pi)l—l+R[ 1 J D(?J

R-1

:RD_”‘[R)>(R)R( - }RD(TJ (1.36)

Summing over 1 =1,2,3,.........., N both sides of (1.36), we get

R-1

R-1 R

= ZPi.D_n{Rj > P){Z%J

R-1

=3 Pi.D_n'(R) >3 PiR)l'“; %)

R 1-R
R

:ZPi.D_ni[ 2 .. P DR

R 1-R
R

:—Zpi.D_"‘( ) <—.(ZPiR)F1<D (=)

R-1 1-R

:1—Zpi.D_"'[R] <1—.(ZPiR);D(R) (1.37)

We know >0ifR>1

Multiplying : by both sides of (1.37), we get

:Ril{l—(zpi.d"‘(;l) ﬂ <R11[1— 6r" }D[lRRj]
:Ril[l_(zp..a"<$1>H<Ril_illgeRjR.Dm]
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:Ril[l_(ze.a“<$1>H<R11_R11[QRR§ D(”J]

(1.38)
l R
R N rR IR R N -ni(5—)
But —11- P =H,(P) And ——|1- PD R1 ||=L
R_l[ (zj] ® R_l( 3 ]] R
S NG
Thus (1.38) becomes L, < H(P).D" * +R—1 1-D' R/ | for R>1 (1.10)
Cases ll: when 0 < R< 1 Let n; be the positive integer satisfying the inequality
p.R
—lo —|<n, <-lo +1
J > piRJ ' J Z p* |  Consider the interval
R
o, =|—log P ,—log
Z Z pI of length 1.In every ¢,, there
lies one positive number n;, such that
R
pf P
<—log ' <n, <-log +1
(Z P ] [Z pj (1.11)
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It can be shown that the sequence P{ ]z 12,3,......., N thus defined, satisfies (1.1).

Thus from (1.11), we get

n, <_Iog(£if ]+1
—logD™ < _IogHZpiRPF ]Dll

R-1
Raising above inequality byT, we get

R-1

D_”i(%j < (Z?pr J D[%] (1.12)

Multiplying both sides of (1.12) by p, , we get

R-1

T R(Z?if ] p %)

N RD'"{R_LH.(H)H( L ] p (7

:RD_"{F;L.(R)R[ L ]RD[lRR] (1.13)

> pf
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Summingover i =1,2,3,.........., N both sides, we get

R-1

- ZPi.D_ni[R] <X PiR)[ﬁ]RD (%)

:ZPi.D_n'(R) <(3PFy o)

R-1

:Zpi.D_ni[ ) <.(ZPiR)F1<D ()

R-1

=-y Pi.D_n'[Rj .~ pHep ()

—n,(Ej Rl (1R
=1->P.D ‘*/>1-3 P )RD[?] (1.11)
We know <0if0<R<1
i R .
Multiplying R by both sides of (1.11), we get

R _ni(i) R
= 1-|Yp.D "R P E D

<
R-1 R-1

o R [ (spomad) L_L{QRR} D(”J}

R [ AN R R | gnet ()
:‘R—_l_l‘[ZPi-D Tl rora EREP

= i_l—[z p D"t || < R _RJ, (A E}D[l;)
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1-R

= 1{1_(2}2 D" H < Rll[ - D(lRRj}+Rll{l— 6P }.}D[_R) (1.15)

But %(1_(IN1RRJR]=HR(P)

And R [1[Spp ™ ||-L
R_1 £ i R
Thus (1.15) becomes

R-1 R-1
L, < HR(P).D(R)+RL_1[1 D[RJ] for 0<R<1 (1.16)

Thus from (1.10) and (1.16), we get

R-1

L. < HR(P).D[RJ+RL{1D(R)} for RER' (1.17)

Theorem: For all integer D > 1

ZHD'”‘(R:) _ Epia

pR
where :—IogD( é RJ
Pi

R
Proof: Since ﬁi:—logD(% R) (1.19)
Pi

It can be written as

—n p.R
—log, D™ :_Iogo(é p_R]
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O :(% pfj (1.50)

both sides of (1.50), we get

) L[og Y
D_ﬁi[%] {%HREM)] 151

Multiplying both sides of (1.51) by P, we get

AR | e 1.52
]

Raising power

Summingover i =1,23,.........., N both sides of (1.52), we get
_aR1 R
ZPiD I[RJ: ZPI R-1
el
3
= A (1.53)
Thus from (1.53), we get
-, R4 <
> PD %) =6 P"r  for RER' (1.51)
Theorem: For every code length Zﬂ=1,2,3 ............... N., Lgcan be made to satisfy
L.> H (P)+i(—D‘ (1.55)
ROF R-1 - '
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Proof: To prove this theorem we consider the following cases:

Cases I: when R >1

Suppose n =- Iog( p,R/Z: oR j (1.56)

Clearly N, and N, +1 satisfy the ‘equality’ in Holder’s Inequality[12]. Moreover. N, satisfies
Kraft’s Inequality (1.1)

Suppose N, is the unique integer between N;and N, +1, and then obviously, n,satisfies Kraft’s
Inequality (1.1), we have

n <n <n +1 n <n

' “Now consider "It can be written as

—logD™ <—logD™ :
g g , D™ <D™ (1.57)

Raising power both sides of (1.57), we get

(%) < (%) (1.58)

R-1 _(R-1 _(R-1
PiDn'[R) < PiDn'(R] <DP %) (1.59)
Summing over i =1,2,3,...........,N both sides of (1.59), we get
() pyopp 5]
>PD ‘f/<DYPD \F (1.60)

Using (1.51) in (1.60), we get

R-1

ZRD_H'[R] < DEPF

\:U\A(-\
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R-1

:>_ZPiDni(Rj > _ EPiR:é.D

D (1.61)

\:U\L

:>1—ZP.Dni(RRl) > 1- 6 PF

We know >0ifR>1

Multiplying both sides of (1.61) by%, we get

el oo

1

R a2 )], R oy R [1-ypr )
:>R—£1—(ZP.D JJ>R—1‘ D/+R_1[1 >R J D (1.62)

But l[l—(i RRJRJ= H(P)

R
1 ni(5)
And l[l_ (Z PD R’1 D = Ly Thus (1.63) becomes

L> HR(P)+Ril(—Dj for R>1 (1.63)
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R
Cases Il: when0<R<1Suppose N, = —Iog( p'/z pRj (1.61)

Clearly n,and N0, +1satisfy the ‘equality’ in Holder’s Inequality [12]. Moreover

. ; Satisfies
Kraft’s inequality (1.1). Suppose n; is the unique integer between 0, andn; +1, and then

) o n <n <n +1 )
obviously, n; satisfies (1.1), we have Now consider

n <n
"7 ' It can be written as

—logD™ <—logD™

, DM <D™ (1.65)

Raising power

_(R-1
R n both sides of , we get, D_ni[ R J >D i[ R ]

Multiplying both sides of (1.66) by P, ,we get

R-1

PiD_ni[ o)y RD_”{R:) > DP o) (1.66)

Summing over i =1,23,...........,N both sides of (1.66), we get
(%), oy %)
>PD ‘*’/> DY PD 'F (1.67)
Using (1.51) in (1.67), we get
R-1

ZRDH‘[RJ> DGR 7

R-1

:—ZRDni(R) <—§PR D

,ni[EJ i~
=1->PD ‘*/<1-6 P rD (1.68)
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We know <0ifO<R<1

Multiplying both sides of (1.68) % we get

_ni(%) l_l _ R R
(ZPiD D>R_1 R_l(l 1+>P j .D (1.69)

R
But R—l[l_(gp‘ j ]—HR(P)

and R |1-[3pp || L
R-1 — i R

Thus (1.69) becomes
R -
L,> HR(P)+ﬂ(—D/ for 0<R<1 (1.70)
Thus form (1.63) and (1.70), we get
R = +
L, > HR(P)+ﬂ (-D_ for R€R (1.71)
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